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Partial Evaluations

@ Algebra is all about evaluating formal expressions

@ Expressions can also be partially evaluated

@ Partial evaluations form the paths in a directed space of
formal expressions

@ How does this space relate to algebra? Computation?
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Partial Evaluations

Algebra is all about evaluating formal expressions
Expressions can also be partially evaluated

Partial evaluations form the paths in a directed space of
formal expressions

How does this space relate to algebra? Computation?
Probability?
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A monad is a functor T : C — C where TX describes formal
expressions on X,

Example: “Free (commutative) monoid” monad

X TX
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A monad is a functor T : C — C where TX describes formal
expressions on X, where we have:
@ A natural “unit” mapn: X — TX

Example: “Free (commutative) monoid” monad

X TX
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A monad is a functor T : C — C where TX describes formal
expressions on X, where we have:

@ A natural “unit” mapn: X — TX

@ A natural “multiplication” map pu: TTX — TX

Example: “Free (commutative) monoid” monad

TTY X
[@-E]+H @8-
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A monad is a functor T : C — C where TX describes formal
expressions on X, where we have:

@ A natural “unit” mapn: X — TX

@ A natural “multiplication” map pu: TTX — TX

e Unit and associativity equations:

X — TTX

\ lﬂ
X
Example: “Free (commutative) monoid” monad

o} 7 [+l
N\

Eﬂ+@

Constantin, Fritz, Perrone, Shapiro Compositional Structure of Partial Evaluations



A monad is a functor T : C — C where TX describes formal
expressions on X, where we have:

@ A natural “unit” mapn: X — TX

@ A natural “multiplication” map pu: TTX — TX

e Unit and associativity equations:

TX —— TTX «+— TX

\ lﬂ /
X
Example: “Free (commutative) monoid” monad
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A monad is a functor T : C — C where TX describes formal
expressions on X, where we have:

@ A natural “unit” mapn: X — TX

@ A natural “multiplication” map p: TTX — TX

e Unit and associativity equations:

TX 1 TTX « 1 TX TTTX — % TTX
\ llt / uTl Ml
X TTX —2 & TX

Example: “Free (commutative) monoid” monad
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A monad is a functor T : C — C where TX describes formal
expressions on X, where we have:

@ A natural “unit” mapn: X — TX

@ A natural “multiplication” map pu: TTX — TX

e Unit and associativity equations:

TX 1 TTX « 1 TX TTTX — % TTX
\ llt / uTl Ml
X TTX —2 & TX

Example: Distribution monad

X TX
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A monad is a functor T : C — C where TX describes formal
expressions on X, where we have:

@ A natural “unit”" mapn: X = TX

@ A natural “multiplication” map pu: TTX — TX

e Unit and associativity equations:

TX 1 TTX « 1 TX TTTX — % TTX
\ llt / uTl Ml
X TTX —2 & TX

Example: Distribution monad

X TX
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A monad is a functor T : C — C where TX describes formal
expressions on X, where we have:

@ A natural “unit” mapn: X — TX

@ A natural "multiplication” map p: TTX — TX
e Unit and aSSOCIatIVIty equations:

X T, 77X S TTTX — % TTX

\ I / o

TTX —2— TX
Example: Distributlon monad

TTX TX
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A monad is a functor T : C — C where TX describes formal
expressions on X, where we have:

@ A natural “unit” mapn: X — TX

@ A natural “multiplication” map p: TTX — TX

e Unit and associativity equations:

X T, 77X S TTTX — % TTX

\ l / MT\L Ml
TTX —— TX
Example: Free S—module monad (S a semiring)

TTX TX
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Algebras

@ An algebra for a monad T is an object A equipped with a map
e : TA — A sending each formal expression to its evaluation

Example: (Commutative) monoid N

TN N
m*‘\_ﬂ* o |43 =¢
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Algebras

@ An algebra for a monad T is an object A equipped with a map
e : TA — A sending each formal expression to its evaluation
@ e must satisfy the following equations:

Ai?

Example: (Commutative) monoid N
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Algebras

@ An algebra for a monad T is an object A equipped with a map
e : TA — A sending each formal expression to its evaluation
@ e must satisfy the following equations:

AT TA TTA —°. TA

\£ ‘| /|

TA —— A

Example: (Commutative) monoid N
59 o
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Algebras

@ An algebra for a monad T is an object A equipped with a map
e : TA — A sending each formal expression to its evaluation

@ e must satisfy the following equations:

AT TA TTA —°. TA

\£ ‘| /|

TA —— A

Example: Trivial S-module

IRGES &
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Partial evaluations

e Consider a T-algebra (A, e) and formal expressions p,q € TA
@ A partial evaluation from p to q is a doubly nested expression
v € TTA with p(v) = p and Te(v) = ¢
o If p partially evaluated to g, then e(p) = e(q)
@ There is always a partial evaluation n(p) from p to ne(p)
Example: (Commutative) monoid N

v
[+ H+3l+® —— [+

0() \ /-9“L

VQ(P)

@ Do partial evaluations compose?

Constantin, Fritz, Perrone, Shapiro Compositional Structure of Partial Evaluations



Do Partial Evaluations Compose?

@ A partial evaluation from p to g is a doubly nested expression
v € TTA with p(v) = p and Te(v) = ¢
o Consider the trivial S-module:

T e=— TT —Ts Tig

5 +“‘+ gvs
(5Ot B ——————3 (4 15)8
o Let S =N[V2] = {n+my2}

&[] | 208 _ R
B .  _ TwiH

ST - o=
SI+ et Sl\ \>‘+“' +§v\

Constantin, Fritz, Perrone, Shapiro Compositional Structure of Partial Evaluations



Do Partial Evaluations Compose?

@ A partial evaluation from p to g is a doubly nested expression
v € TTA with p(v) = p and Te(v) = ¢
o Consider the trivial S-module:

T e=— TT —Ts Tig

5 +“‘+ gvs
(5Ot B ——————3 (4 15)8
o Let S =N[V2] = {n+my2}

&[] | 208 _ R
B . wiH
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Do Partial Evaluations Compose?

@ A partial evaluation from p to g is a doubly nested expression
v € TTA with p(v) = p and Te(v) = ¢
o Consider the trivial S-module:

T e=— TT —Ts Tig

5 +“‘+ gvs
(5Ot B ——————3 (4 15)8
o Let S =N[V2] = {n+my2}

&[] | 208 _ R
B wAH

Ko Jgiv T

o (CFPS) Partial evaluations don't always compose
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Bar Construction

@ Partial evaluations fit into a richer structure, called the Bar
Construction of a T-algebra A

@ Relations between monad and algebra maps...

TA +2 T2A "=, TA
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Bar Construction

@ Partial evaluations fit into a richer structure, called the Bar
Construction of a T-algebra A

@ Relations between monad and algebra maps...

TA
Te o

T2A T34 T¢, T24
% lT“ Y
TA a T2A Te TA
0-9+H
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Bar Construction

@ Partial evaluations fit into a richer structure, called the Bar
Construction of a T-algebra A

@ Relations between monad and algebra maps...

=3 & 4

T3e
5 T2e
AN P _Te,
I
o TYA T TRA S T2A L T TA
R — o  —
I —
—_—

...are given by the simplicial identities.
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Simplicial Sets

o ‘6—- a
— 7
> AN

{3-simplices}  d. {2-simplices} — {1-simplices}  d {0-simplices}
-+ {3-simplices -simplices -simplices -simplices
2 ) 1
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—
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Simplicial Sets

—
— —
— —
"T*A —— T3A 7 T?A TA
T3 T%n Tn
T2 Tn
% <
Tn
%
—
— —
— —
- {3-simplices} —> {2-simplices 1-simplices 0-simplices
P S
o oo 0
S1 S1
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Simplicial Sets

@ The simplex category A is the category of finite nonempty
ordered sets and order preserving functions.

o .i - A
SAE]

o A simplicial object X in a category C is a functor A°? — C.

do
d do
d di do
d: d: d;
X3 = Xo ——= X1 —— Xo
S0 S0 )
s1 51
B
<7
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Simplicial Sets

o A simplicial object X in a category C is a functor A°? — (.
Like the bar construction Bary(A)

T3e
T? 2
e, _T’e,

T Ty Te
T°A L5 T34 L5 124 £ TA
2

n n n
T Tn

Tn
<;

@ l-simplices in this simplicial set are partial evaluations:

- @ﬂ 9
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Simplicial Sets

o A simplicial object X in a category C is a functor A°? — (.
Like the bar construction Bary(A)

T3e
T2 2
H T<e
T Ty Te
THA L T3A L5 T2A L5 TA
T°n T°n Tn
T2n Tn
Tn
%

@ 2-simplices in this simplicial set are “composition strategies":

o "+

[+ + G +H |\____,__J—/7 6]+
(O-~=~F+@
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Compositions

@ When do successive partial evaluations have a composition
strategy?

PN

o Partial evaluations are equivalently maps {x} — T2A
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@ When do successive partial evaluations have a composition
strategy?

o Partial evaluations are equivalently maps {x} — T2A

{*}
\‘ T2A T2A
1 Te I Te
TA / \ TA / \ TA

Constantin, Fritz, Perrone, Shapiro Compositional Structure of Partial Evaluations




Compositions

@ When do successive partial evaluations have a composition
strategy?

QNN

o Partial evaluations are equivalently maps {x} — T2A

/<7\
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o If the square is a weak pullback (aka weakly cartesian), the
dashed map always exists but not necessarily uniquely

@ In a simplicial set X, this property corresponds to having all
inner 2-horn fillers

’

N QR

M
T34 e, 724 X —25 X

“l wpb MJ dzl wpb dll

T2A T2, TA X1 —% X,
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o If the square is a weak pullback (aka weakly cartesian), the
dashed map always exists but not necessarily uniquely

@ In a simplicial set X, this property corresponds to having all
inner 2-horn fillers

o If the square is a (strong) pullback, the fillers are unique

@ When is Bart(A) the nerve of a category? A quasicategory?
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@ When do partial evaluations form a category?
o If the naturality squares of . are cartesian
. n
e For X = Bary(A), this means X, = X1 xx, - -+ Xx, X1

+1
C JTHIA L

VN

T3A
1% L N \T2e
T2A T2A . T2A T2A
2 ' \Te /1/ \Te H/ \Te H/ \Te 1% % \‘Te
TA TA TA . TA TA TA
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@ When do partial evaluations form a category?

o If the naturality squares of . are cartesian

e For X = Barr(A), this means X, = X; xx, S X xo X1

@ This makes Barr(A) the nerve of a category with formal
expressions as objects and partial evaluations as morphisms

C oo s THLA
N/ \T e
T"A _ T"A _
n T le n \T le
T A T 1A T 1A.
N TN T
K T3A T2 p 2 T T2 np T3A T?e
N\ NI N N
b T A W TA o e w TA R W TA,
N N NN N N
TA TA TA TA TA TA

Constantin, Fritz, Perrone, Shapiro Compositional Structure of Partial Evaluations



BC Monads

@ Free monoid monad (or any plain operad) has cartesian p
@ Free comm. monoid monad T has only weakly cartesian p

[ +[<H]

+
&+
2 BHRHERD

T34 T, 724

% wpb %

T2A = TA
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BC Monads

@ Free monoid monad (or any plain operad) has cartesian p
@ Free comm. monoid monad T has only weakly cartesian p

[ 48] *

ET-E3-ag

B EHBHBHD 9+

T34 T, 724

% wpb %

T2A = TA
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BC Monads

@ Free monoid monad (or any plain operad) has cartesian p
@ Free comm. monoid monad T has only weakly cartesian p

g 0 EE
&)+ GO

B EHBHBHD 9+

Tmi3a T2 pmi2p pmiap T708 pmisp

ul wpb % #i pr ul

Tmiza 7 pmiig pmisg T pmizg
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BC Monads

Free monoid monad (or any plain operad) has cartesian p
Free comm. monoid monad T has only weakly cartesian p
T also preserves weak pullbacks

Such BC monads include distribution, any symmetric operad
(CFPS) Barr(N) is not a quasicategory

I+m+2 T/+m+2
TiH+m+3 A T e Tl+m+2 A TiH+m+a M Ti+m+3 A
T’ul pr T’ui T’ul pr T’ui
14+m+1 T/H+m+1
THm+2 T e TlH+m+14 TIH+m+3 A Holtm+2 A
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Filler Conditions

@ What properties does Barr(A) have when T is BC?
oletn>2,j—i>1
@ A simplicial set X with this property

TrHA T, T Trria T g
T"_JPJ( wpb lT"ﬂﬁ T"—JpJ( wpb lT"ﬂ‘M
T"A——— T 1A T'A—— T 1A
T"_le Tn—l—l
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Filler Conditions

e What properties does Bart(A) have when T is BC?
@ letn>2,j—i>1
@ A simplicial set X with this property is inner span complete
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Filler Conditions

e What properties does Bart(A) have when T is BC?
@ letn>2,j—i>1
@ A simplicial set X with this property is inner span complete

INne, ~ outer
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Filler Conditions

e What properties does Bart(A) have when T is BC?
oletn>2,j—i>1

@ A simplicial set X with this property is inner span complete
@ (CFPS) X then has fillers for all spans containing the spine

f =33
,’—%v ——\——ﬁ. =-
_ n=4
e e
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Filler Conditions

@ What other fillers do inner span complete simplicial sets have?
o (CFPS) All directed acyclic configurations S C A":

e S contains the spine of A"

o The 1-skeleton of S is chordal

o S has OAK < Ak fillers for 2 < k < n

@ Does not include any horns
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Filler Conditions

@ What other fillers do inner span complete simplicial sets have?
o (CFPS) All directed acyclic configurations S C A":
e S contains the spine of A"
o The 1-skeleton of S is chordal
o S has OAK < Ak fillers for 2 < k < n
@ Does not include any horns
@ Includes spine inclusions
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Filler Conditions

@ What other fillers do inner span complete simplicial sets have?
o (CFPS) All directed acyclic configurations S C A":
e S contains the spine of A"
o The 1-skeleton of S is chordal
o S has OAK < Ak fillers for 2 < k < n
@ Does not include any horns
@ Includes spine inclusions and 2-Segal inclusions
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Parting Thoughts...

@ We can also describe when partial evaluations do or don't
have inverses

@ Inner span completeness is not a homotopical property
@ How do properties of Barr(A) relate to computation?

o Higher order rewriting?

Thank you!
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